We present an analog to the Intertwining Number Theorem of Mackey in a setting which arises naturally in the study of the representation theory of p-adic linear groups.
Introduction. It is a well-known result of Mackey [2] that the space of operators intertwining two unitarily induced representations of a locally compact group may, under certain circumstances, be decomposed into a sum of spaces of operators intertwining certain conjugate representations of the inducing representations. In our work on admissible representations of p-a.àic linear groups [1] we have found it necessary to define a kind of nonunitary induction and to make use of an analogue of the theorem of Mackey cited above.
Since both the type of induction we employ and the conditions we impose occur naturally in a wide variety of circumstances, it is to be hoped that the above-mentioned analogue, for which we here furnish a proof, may result in the application of "Mackey Theory" to groups to which it has so far not been applied. 1 . Let G be a topological group, let H, Hv H2 be closed subgroups of G and let t, t,, t2 be, respectively, (algebraic) representations of H, //,, H2 on complex vector spaces W, Wx, W2. If x is any element of G, we define the conjugate representation rx of t to be the representation of x~xHx on V given by rx(x~]hx) = t(A) for A in H. If A is a linear transformation from Wx to W2 such that Arx(g) = r2(g)A for all g in //, n H2 then we say that A intertwines t, with t2. We denote the space of all such intertwining operators by/(T" t2).
The notion of induction mentioned in the introduction may be described as follows. Let WG be the space of all W-valued functions f on G which satisfy the condition that f(hx) = r(h)f(x) for A in H, x in G. Let Wf be the subspace of functions in WG which are supported on sets whose images in the right coset space H \ G are compact. Then we define the representation induced by t on G to be the representation tg of G on WG given by (tC (#)/)(*) = f{xg) for x, g in G and the representation induced compactly P. C. KUTZKO (c-induced) by t on G to be the restriction Tf of TG to the G-subspace Wf of WG.
We may now state our version of Mackey's Theorem.
Theorem. Let G be a topological group ; let H be a closed subgroup of G and let K be a subgroup of G which contains an open compact subgroup. For some indexing set A, let x¡, I in A. be a complete set of (H, K)-double cosets in G. Let a be a representation of K on a finite dimensional vector space V and let t be a representation of H on a vector space W of arbitrary dimension. Then there is a vector space isomorphism of I (of, tg) onto the direct product of the spaces I (a, tx'), I in A. //, in addition, the image of K in H \ G is compact, then the above-mentioned isomorphism maps I (of, tg) onto the direct sum of the spaces I(a,Tx'), I in A.
Proof. Following Mackey [2] , we define the space of (a, r)-spherical functions, S (a, t), to be the set of all functions s from G to Endc(F, W) for which s(hxk) = r(h)s(x)o(k) for h in H, k in K, x in G. As above, we define the set of (o, T)-c-spherical functions to be the subspace Sc(o, r) consisting of functions whose supports have compact image in H \ G. We first show that there is an isomorphism of / (of, t c) onto S (o, t) which maps / (of, tcg) onto Sc(o, t).
To this end, we define for each v in V the function fv from G to V by setting fv(x) = a(x)v for x in K,fv(x) = 0 otherwise. We note that/, is in Vf for all v in V. If A is an element of I (of, tg) we define the function sA from G to Endc( V, W) by sA (x)(v) = A (fv)(x) for x in G,v in V. Then one checks that sA is an element of S (o, t). Now let s be an element of S (o, t) and let/ be in Vf. Then for fixed x in G the function s(xz ~ [)f(z) is constant on right cosets of K and is supported on some finite union of these cosets. Thus, if Z is a set of right coset representatives of K in G, we may define the map As from Vf to WG by setting (AJ)(x) = 1,zinZs(xz~l)f(z).
As above, one checks that As is a well-defined element of / (of, t g) and one may verify that the maps A -^ sA and s -» As are inverse to each other.
Finally, if A is in I (of, rf) then since V is finite dimensional there exists a subset F of G whose image in H \ G is compact such that for all v in V, the support of A (/.) is contained in F. Thus sA is supported on F so that sA is in Sc(o, t). Conversely, if j is in Sc(o, t) and/ is in Vf then s is supported on some subset E of G whose image in H \ G is compact and there exists a finite subset Z0 of Z so that f(z) = 0 for z in Z -Z0. Hence AJ is supported on the set U z in z Ez whose image in H \ G is compact and we see that As is in 7(ocG, tcg). The map A -* sA has now been shown to be an isomorphism with the desired properties. Now for / in A let S¡ be the subspace of S consisting of functions whose supports lie in Hx¡K. We note that S(o, t) is the direct product of the spaces S,; that if K has compact image in H \ G then S¡ lies in Sc(o, t) for / in A and that, in fact, Sc(o, t) is the direct sum of the spaces S,. All that remains to be shown, then, is that, for / in A, S¡ is isomorphic to I (a, tx').
However, if j is in S¡ and k is in K n xflHx" then s(x,)a(k) = s(x,k) = T(x!kx,~x)s(xl) so that s(x,) is in I (a, tx'). Conversely, let a be in I (a, tx') and let x be in Hx,K. Suppose x = hxx¡kx = h2x¡k2, A, in H, k¡ in K, i = 1, 2. Then kxk2l = x¡~lhx~1h2x¡ lies in K n x¡~lHx, so that aa(kxk2~l) = T(Af'A2)a and hence xt-> r(hx)aa(kx) is a well-defined function of x. If we now define sa on G by sa(x) = r(h)aa(k) for x = hx,k in Hx,K, sa(x) = 0 otherwise, then it may be checked that sa is in S,; that sa(x¡) = a and that ss(x) = s-Thus the map íh^í(jc,) is an isomorphism of S, onto I (a, tx'), which was to be shown.
